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a b s t r a c t 

Investigation into the mathematical analysis of affinity hemodialysis on T-cell depletion is 

considered to give more significant understanding on the infection dynamics of HIV. Our 

model revealed the possibility of more than two infected equilibriums with the incorpora- 

tion of recovery through the affinity hemodialysis. The conditions for stable infected equi- 

librium to prevent full-blown of AIDS are obtained and stated as hypothesis. This work has, 

therefore, open the way for partnerships among modelers and clinicians to strengthening 

the insight into the nature and process of viral multiphasic decay noticed in some treated 

patients. The initial growth of virus, infected cells and glycoprotein as well as possibility 

of total viral clearance are examined in the study. 
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Introduction 

The Human Immunodeficiency Virus (HIV) is a retrovirus that causes infections, which resist natural immunity is called

HIV. This over some time resulted into Acquired Immuno- deficiency Syndrome (AIDS), a state in humans when there is a

continuous reduction in the body immune system, Lisowska et al. [ 1 , 2 ]. As a result, the body system is open to life threaten-

ing infections of any kind. For decades, the scientists have been developing different Antiviral for the eliminating or treating

of viral infections. Vaccines were the early adopted approach for killing or weakling of viruses which was assumed to be

effective. Vaccines for lingering infections are rare to get, for instance HBV vaccine. Presently, positive vaccines have been

developed for protracted infections triggered by greatly mutable viruses. HIV produces various quasi-species and several

synthesized virus mutations. The quest for an active vaccine is in its second decade [3-5] . 

Although for long term expectation, vaccines are taken to be the best in healing chronic viral diseases. The results till

this period have been unsatisfactory on vaccine treatment of viral diseases, even though the hope of long term treatment

of chronic viral diseases may be vaccine. The uses of small molecule drug for the conventional therapies is steadily gaining

substantial attention, mostly those focused on AIDS and HIV infection [6-10] . Despite the advances in the uses of HIV active

antiretroviral therapy (HAART) in the treatment of HIV, latest investigations have revealed that some viruses continue to
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live years after treatment in the system according to Ramratnam et al. [11] . Recently, studies have shown that affected

macrophages and cells offers resistant treatment chamber that is long existed, Aquaro et al. [12] . 

The viral antigens generated as a result of antibodies from the body binds to the physical arbitrate clearance, will in

turn decreases the infection reoccurrence rate. Also, immune system cleared the earlier affected cells to become quiescent

or dies. When enough quantities of pathogen are removed from the blood, there is receding of the viral infection. Models

recently show the early infection and the institution of the steady state of virus are described in [13-15] . The early stage

HIV infection explicit model was provided by Stafford et al. [16] . In the model, the asymptomatic phase or the set point was

established in which virus-related particle generation is in steady state with virus-related particle clearance. 

The glycoprotein that envelope GP120 is the HIV, enveloped the exposed glycoprotein surface that plays an essential role

in HIV treatment. The GP120 is gotten from its molecular weight, it is significant for infection entrance into the cells as

it is important in connection to the particular cell receptor surface. This is necessary to CD4 induces is the conformation

start of a flow of vicissitudes in GP41 and GP120 that prompted to the fusion of the membrane of the host cell and viral.

Tullis et al. [17] suggested a synthetic lymph node to enhance the immune system in combating viral infections. They show

theoretically that the method could efficiently eliminate viral infectious nucleic acids, viral toxic proteins and virus from

the blood, thus reduces viruses by averting reinfection of fresh cells. The work of Hildeman et al. [18] reported on the

significance of reactive oxygen species in determining the fate of the stimulated T-cell. Given an explanation of the reason

why most stretched T-cells die and some live to give an insight on how lymphoid cancer and autoimmunity are disallowed,

and how acquired immunity in T-cells responded to stimulation of antigen through the course of differentiation, activation

and division to produce a large T-cells activated effector. 

Véronique et al. [19] considered the effect and the mechanism of Apoptosis, or death programmed cell on the steady

T-cell failure that arises in the patients suffering from HIV infection. The results obtained encapsulates the present under-

standing of Env-mediated death cell resulting from T-cell weakening and clinical difficulties as well as contradictory studies

that address the likely mechanisms of the death of T-cells. While Ayeni et al. [20] examined the impact of hemodialysis

affinity on AIDS/HIV as a possible alternative for the treatment of HIV patients that is drug resistant. It was also shown that

hemodialysis affinity is supposedly suitable adjunctive therapies that can be used in HIV infected patient’s treatment either

directly or in combination with drug treatment. 

To estimate the impacts of HIV infection on precursors intrathymic of T-cells in adults infected by HIV, Bandera et al.

[21] carried out a comprehensive study of the immune-phenotypic thymic tissue separated from negative 10 HIV adults

and 7 HIV infected individuals who were to undertake heart operation. It was noticed that thymuses of HIV carriers were

made up of relatively depleted CD4 + solitary positive T-cells and an equivalent enhancement of CD8 + single positive T-

cells. The obtained results revealed the rate at which thymopoiesis is generated, the HIV infected thymic tissues subjects

are composed of thymocyte hyperactivation immune concerning either active T-cells undergoing thymopoiesis or mature 

T-cells. Doitsh et al. [22] shows that apoptosis caspase-3 only responsible for the death of a little portion of the effectively

infected cells while the remaining 95 percent of inactive lymphoid CD4 + T -cells die as a result of pyroptosis caspase-1

prompted by failed virus-related infection. Pyroptosis relates to an extremely inflammatory form of programmed cell death

in which cytokines pro-inflammatory and cytoplasmic contents along with IL-1 β are unrestricted. In the work of Keck et al.

[23] , the separate influences of some terms on the differentiation of CD4 + T -cell during contamination were presented. It

was observed that huge antigen affinity is absolutely associated with differentiation of T-helper (Th) at both low and high

measures of antigen. 

Hojo-Souza et al. [24] in their paper, reported that apoptosis CD4 + T -cells in Plasmodium vivax contamination are arbi-

trate by activation of extrinsic and intrinsic pathways. The existence of apoptosis CD4 + T -cells and its pathways was exam-

ined on individuals in an endemic area from (Porto Velho – RO) with obviously Plasmodium vivax infection. Their results

suggested that Plasmodium vivax infection prompted CD4 + T -cells apoptosis by two different kinds of signaling: by decreas-

ing the manifestation of the protein anti-apoptotic BCl-2 (intrinsic pathway), and by encouraging the death TNFR1 receptor

(extrinsic pathway). While in the same year, Martinez and Evavold [25] considered the biophysical and kinetic terms of the

peptide: MHC (pMHC) and T-cell receptor (TCR) interface defined the required intrinsic factors derived and activated T-cell.

The mechanisms that conserve various range of high and low T-cells affinity is also discussed. Konagaya et al. [26] examined

under different physiological conditions the dynamic configuration of E12A by both amide proton relaxation and exchange. 

In this study, mathematical Analysis of Affinity Hemodialysis on T-Cell Depletion will be considered for the dynamics of

HIV infection. We shall examine the both disease free and infection equilibrium. The stability of the infected point will be

examined to ensure that glycoprotein is prevented from unnecessary increase and the stem cell is not allowed to deplete. 

Existing mathematical models 

The relevant existing models include; 

(i) Tullis et al. [17] : 

dT ( t ) 

dt 
= λ − dT − kT V (A1.1) 

d T ∗( t ) = kT V − δT ∗ (A1.2) 

dt 
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Fig. 1. The Model Dynamics. 
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dV ( t ) 

dt 
= πT ∗ − cV (A1.3)

ii) Ayeni et al. [20] : 

dT ( t ) 

dt 
= π − d 1 T − k 1 T V + μT i , T ( 0 ) = T 0 (B2.1)

d T i ( t ) 

dt 
= k 1 T V − d 2 T i − μT i , T i ( 0 ) = 0 (B2.2)

dV ( t ) 

dt 
= k 2 T i − cV V ( 0 ) = 0 (B2.3)

Though the mentioned models promoted dynamics of HIV infection on which the present is built on to enhance under-

standing of biological HIV. Nevertheless, in the models, the recovery rate and immune response was not captured in the

studied. 

Current modeling affinity hemodialysis on T-Cell depletion 

Follow from [17] and [20] model with the incorporation of recovery through the affinity hemodialysis: 

Production 

S 
α1 → Availability/Production of Stem Cell 

S 
α2 → T T-cell generation rate from stem cells 

T + V 
α3 → T i T-cells infection 

T i 
α4 → V + P Virus production and GP120 

P + T 
α5 ↔ P T GP120 reversibility on normal T-Cells 

μT-cells infected recovery due to hemodialysis 

Clearance 

T 
β1 → Death rate of normal T-cells 

T i 
β2 → Rate of clearance of infected T-cell 

v 
β3 → Clearance rate of viral 

P 
β5 → glycoproteins clearance rate 

P T 
β6 → Glycoproteins 120 induced apostosis and clearance rate 

η Stem cell death rate 

Where S is the stem cell, T is Healthy T cell, P is GP120 concentration, v is virus and T i is infected T -cells. 

With reference to Fig. 1 , Stem cell S is produced at rate α1 from where uninfected T cell is produced at rate α2 , and

increases by recovery of infected cells. The death of bound between healthy cell and, glycoproteins and virus depletes the

availability of healthy T cells. Uncontaminated cells can become contaminated by virus at a rate α to generate infected cell
3 
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cells T i , the infected cell is depleted by virus death or death of the infected cell as well as recovery due to treatment. The

viral load is produced from infected cells and bounded to uninfected cell, the virus is reduced by clearance or death at rate

β3 . Glycoproteins 120 is enhanced by viral concentration and depleted by death or clearance at a rate β5 

Arising from above, the relevant mathematical equations describing the dynamics of affinity hemodialysis of T-Cells de-

pletion are according to [17] and [20] : 

d 

dt 
S ( t ) = α1 S ( t ) 

(
1 − α2 

α1 

T ( t ) 

)
− ηS ( t ) (1) 

d 

dt 
T ( t ) = α2 S ( t ) T ( t ) − β4 P ( t ) T ( t ) − α3 v ( t ) T ( t ) − β1 T i ( t ) + μT i ( t ) − α3 T i ( t ) (2) 

d 

dt 
T i ( t ) = α3 v ( t ) T ( t ) − μT i ( t ) − β2 T i ( t ) − β3 v ( t ) (3) 

d 

dt 
v ( t ) = α4 T i ( t ) − β3 v ( t ) (4) 

d 

dt 
P ( t ) = δv ( t ) − β5 P ( t ) (5) 

S ( 0 ) = 500 , T ( 0 ) = 300 , T i ( 0 ) = 0 , v ( 0 ) = 0 , P ( 0 ) = 50 (6)

Equations ( 1 ) – ( 6 ) is a modification to the existing mathematical models. The current model modifies models by (i) and

(ii) by the inclusion of assumption that with treatment through dialysis, infected cells recovers to become normal cells and

become healthy which in turn lowers GP 120 levels provided α1 � = 0 and α1 > η which is the conditions that guarantee the

existence of stem cells. 

Stability analysis 

We give the following definition on stability theory of the dynamical system ( 1 ) – ( 6 ). 

Definition: ( a , b ) is a critical point of the autonomous system 

x ′ = F ( x, y ) y ′ = G ( x, y ) 

when F ( a , b ) = 0 and G ( a , b ) = 0. 

We write 

dS 

dt 
= f 1 ( ∅ ( t ) , t ) , 

dT 

dt 
= f 2 ( ∅ ( t ) , t ) , 

d T i 
dt 

= f 3 ( ∅ ( t ) , t ) , 
dv 
dt 

= f 4 ( ∅ ( t ) , t ) , 
dP 

dt 
= f 5 ( ∅ ( t ) , t ) 

Where 

∅ ( t ) = ( S ( t ) , T ( t ) , T i ( t ) , v ( t ) , P ( t ) ) 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

f 1 = α1 S ( t ) 
(
1 − α2 

α1 
T ( t ) 

)
− ηS ( t ) 

f 2 = α2 S ( t ) T ( t ) − β4 P ( t ) T ( t ) − α3 v ( t ) T ( t ) − β1 T i ( t ) + μT i ( t ) − α3 T i ( t ) 
f 3 = α3 v ( t ) T ( t ) − μT i ( t ) − β2 T i ( t ) − β3 v ( t ) 

f 4 = α4 T i ( t ) − β3 v ( t ) 
f 5 = δv ( t ) − β5 P ( t ) 

Setting f i = 0 , ∀ i = 1 , · · · , 5 and solve for ( S , T , T i , v , P ). This gives critical ( Crt ) points 

Cr t 1 = ( S = 0 , T = 0 , T i = 0 , v = 0 , P = 0 ) , 

Cr t 2 = 

(
S = 

β1 

α2 

, T = 

η + α1 

α2 

, T i = 0 , v = 0 , P = 0 

)
, 

Cr t 3 = 

(
S = 0 , T = e 2 , T i = e 1 

β3 β5 

δα2 

, v = −e 1 
β5 

δ
, P = −e 1 

)
, 

Where 

e 1 = 

δβ1 ( μ + α4 + β2 ) 

δβ4 ( μ + α4 + β2 ) + α3 β5 ( α3 + α4 + β2 ) 
, e 2 = 

β3 ( μ + α4 + β2 ) 

α3 α4 
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We compute the Jacobean matrix J for the system, which gives 

J := 

⎡ 

⎢ ⎢ ⎢ ⎣ 

−α1 

(
1 − α2 T 

α1 

)
− η S α2 0 0 0 

α2 T −P β4 + S α2 − v α3 − β1 μ − α3 −α3 T −T β4 

0 v α3 −μ − β2 T α3 − β3 0 

0 0 α4 −β3 0 

0 0 0 δ −β5 

⎤ 

⎥ ⎥ ⎥ ⎦ 

Evaluating J at critical point Crt 1 gives 

A 1 := 

⎡ 

⎢ ⎢ ⎣ 

−α1 − η −0 . 0 0 0 

0 . −β1 μ − α3 −0 . −0 . 

0 0 . −μ − β2 −β3 0 

0 0 α4 −β3 0 

0 0 0 δ −β5 

⎤ 

⎥ ⎥ ⎦ 

The characteristics equation corresponding to A 1 is 

(−λ − α1 − η)(−λ − β1 )(−λ3 − λ2 μ − λ2 β2 − λ2 β3 − λ2 β5 − λμβ3 − λμβ5 

−λα4 β3 − λβ2 β3 − λβ2 β5 − λβ3 β5 − μβ3 β5 − α4 β3 β5 − β2 β3 β5 
(7)

Solving ( 7 ) above, we have {
λ1 = −β1 , λ2 = −η − α1 , λ3 = −β5 , λ4 = −1 

2 

( μ + β2 + β3 ) + 

1 

2 

√ 

( μ + β2 − β3 ) 
2 − 4 α3 β3 , 

λ4 = −1 

2 

( μ + β2 + β3 ) − 1 

2 

√ 

( μ + β2 − β3 ) 
2 − 4 α3 β3 

}

Evaluating J at critical point crt 2 gives 

A 2 := 

⎡ 

⎢ ⎢ ⎢ ⎣ 

0 −β1 0 0 0 

α1 − η 0 μ − α3 −e 3 − e 3 β4 

α3 

0 0 −μ − β2 e 2 − β3 0 

0 0 α4 −β3 0 

0 0 0 δ −β5 

⎤ 

⎥ ⎥ ⎥ ⎦ 

Where e 3 = 

α3 (η−α1 ) 
α2 

The characteristics equation corresponding to A 2 is 

1 

α2 

((λ + β5 )(ηα3 α4 + λ2 α2 + λμα2 + λα2 β2 + λα2 β3 + μα2 β3 + μα2 β3 − α1 α3 α4 

+ α2 α4 β3 + α2 β2 β3 )(ηβ1 − λ2 − α1 β1 )) (8)

Thus solving ( 8 ), gives {
λ1 = −β5 , λ2 = 

√ 

( η − α1 ) β1 , λ3 = −
√ 

( η − α1 ) β1 , λ4 = −1 

2 

( μ + β2 + β3 ) + 

1 

2 

√ 

( μ + β2 − β3 ) 
2 − 4 α3 ( β3 − e

λ4 = −1 

2 

( μ + β2 + β3 ) − 1 

2 

√ 

( μ + β2 − β3 ) 
2 − 4 α3 ( β3 − e 3 ) 

}

And again, evaluate J at crt3 gives 

A 3 := 

⎡ 

⎢ ⎢ ⎢ ⎣ 

α1 

(
1 − α2 e 2 

α1 

)
− η 0 0 0 0 

α2 e 2 β4 e 1 + 

e 1 β5 α3 

δ
− β1 μ − α3 −α3 e 2 −e 2 β4 

0 − e 1 β5 α3 

δ
−μ − β2 α3 e 2 − β3 0 

0 0 α4 −β3 0 

0 0 0 δ −β5 

⎤ 

⎥ ⎥ ⎥ ⎦ 

With caracteristics equation defined as 

1 

δ

(
−λ + α1 

(
1 − α2 e 2 

α1 

))(
δλ4 + a λ3 + b λ2 + cλ + d 

)
(9)

Where 

a = δ ·
(

−
(

β4 − α3 β5 

δ

)
· e 1 + μ + β1 + β2 + β3 + β5 

)
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Fig. 2. Dynamics of HIV Hemodialysis Phase plot. 

 

 

 

 

b = −
(
α3 α4 e 2 + 

( α3 + β2 + β3 + β5 ) 
δ

α3 β5 e 1 
)

+ (μ + β2 + β3 + β5 )( β1 − β4 · e 1 ) 

+(μ + α4 + β2 + β5 ) β3 + (μ + β2 ) β5 

c := −(δα3 β1 β5 (μα3 β3 + μα4 β3 − μα4 β5 + μβ2 β3 + μβ3 β5 + α3 α4 β3 + α3 α4 β5 

+ α3 β2 β3 − α3 β3 β5 + α2 
4 β3 + 2 α4 β2 β3 + β2 

2 β3 )) / ( δμβ4 + δα4 β4 + δβ2 β4 + 

α2 
3 β5 + α3 α4 β5 + α3 β2 β5 

d = −δβ1 β3 β5 ( μ + α4 + β2 ) 

Now for the eigenvalues of the associated with Crt 3 , using Descartes’ rule of signs, we have 1 positive root and four ( 4 )

negative roots. 

Analysis of disease free and endemic equilibrium 

Figs. 2 (a) and (b) is a phase plot associated with disease free Fig. 2 (a) and endemic Fig. 2 (b) equilibrium. The phase

plot shows the possible equilibrium for ( T , S ) and ( T , T i ) respectively, for the choice of our parameters in this work. We have

extended the domain to show what happens within the neighborhood of origin. 

H1: Hypothesis 1 

Let αi , βi , μ, η ∈ R 

+ ∀ i = 1 .. 5 , then the critical point Crt 1 associated to disease free equilibrium of the dynamical Eq.

(1) – ( 5 ) is 

i It is an asymptotically stable node if 

β3 + 2 

√ 

α3 β3 ≤ μ + β2 

ii It is an asymptotically stable spiral point if 

μ + β2 < β3 + 2 

√ 

α3 β3 

H2: Hypothesis 2 

Let αi , βi , μ, η ∈ R 

+ ∀ i = 1 .. 5 , then the critical point Crt 2 associated to endemic equilibrium of the dynamical Eq. (1) –

( 5 ) is 

i is stable or neutrally stable center, whenever 

α1 > η

ii is an asymptotically stable spiral point if 

μ + β2 < β3 + 2 

√ 

α3 ( β3 − e 3 ) and 

β3 ( μ + α4 + β2 ) 

α3 α4 

< 1 

H3: Hypothesis 3 

Let αi , βi , μ, η ∈ R 

+ ∀ i = 1 .. 5 , then the critical point Crt 3 associated to endemic equilibrium of the dynamical Eq. (1) –

( 5 ) is unstable for all possible of choice of αi , β i , μ, η. 

The prove of hypothesis H1-3 follows from the solution to Eqs. (7) , ( 8 ) and ( 9 ) 
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Fig. 3. Dynamics of HIV hemodialysis on T Cell depletion when α1 = 0 . 1 , μ = 0 . 5 . 

Fig. 4. Dynamics of HIV hemodialysis on T Cell depletion when α1 = 0 . 5 , μ = 0 . 1 . 

 

 

 

 

Numerical analysis 

In this section, we provide some numerical analysis of the model dynamics. The values for the parameters were carefully

chosen to represent fairly clinical data in conformity with the condition for existence and uniqueness as well as stability

criterion. The following initial data and control parameters were suggested; 

initial data : S ( 0 ) = 5 , T ( 0 ) = 4 , T i ( 0 ) = 1 . 5 , v ( 0 ) = 0 . 25 , P ( 0 ) = 1 

control parameters : 

{
α1 = 0 . 1 , α2 = 0 . 6 , α3 = 0 . 4 , α4 = 0 . 25 , η = 0 . 3 , μ = 0 . 5 , 

δ = 0 . 2 , β1 = 0 . 3 , β2 = 0 . 1 , β3 = 0 . 2 , β4 = 0 . 15 , β5 = 0 . 3 

Using the above information, the graphical representation of the dynamics is as shown in Figs. 3 and 4 below 

Immune responses and recovery during hiv treatment 

The basic model dynamics given by equations ( 1 ) – ( 6 ) may not be an explicit representation of the hemodialysis treat-

ment of HIV infections. However, the model fit accurately the viral kinetic data obtained during both natural infection and
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when patients are on hemodialysis treatment. Fig. 3 shows that stem cell production depletes rapidly during the first phase

of the infection. During this phase, the T Cell increases for a while to a maximum point at the early stage of the infection

which later decline due to insufficiency of stem cell. Healthy T Cells decreases while infected cell and glycoprotein increases

until the trio reaches equilibrium point after which further depletion of healthy T Cells resulted into decrease in infected

cell and increase in glycoprotein gp120 concentration. From Fig. 4 , it could be seen that availability of more stem cell miti-

gates the glycoprotein increase to around the initial concentration. Shortly when the healthy T Cells and infected cell moves

out of phase, it resulted into decline in the number of infected cell. This is accompanied by decrease in the viral load as a

result of that, the infected cell becomes latent, and stem cells and healthy T Cell start increasing. We observed that if this

condition is sustained, there is possibility if total viral clearance and thus prevent migration to full blown AIDS. 

Conclusion 

Mathematical Analysis of Affinity Hemodialysis on T-Cell Depletion has led to a number of important insights about the

dynamics of HIV infection. We have seen the possibility of more than two equilibriums which includes both disease free

and infection equilibrium. The disease free equilibrium is stable. Thus, if the conditions suggested are superimposed on the

dialysis treatment, then AIDS could be prevented. The first infected equilibrium is stable provided the rate of stem cell pro-

duction is kept higher that the clearance rate due to death of the stem cell, while the second infected equilibrium is unstable

and may lead to full blown AIDS. To ensure stability of all the infected points, it is necessary to ensure that glycoprotein

is prevented from unnecessary increase and the stem cell is not allowed to deplete. Also recovery rate through hemodial-

ysis should continuously ensure to increase. This work, therefore has open the way for collaborations between modelers

and clinicians to further understand the nature and process of multiphasic viral decay observed in some treated patients,

the initial expansion of virus, infected cells and glycoprotein as well as possibility of total viral clearance as depicted in

Figs. 3 and 4 . Effective and close interdisciplinary collaborations will encourage qualitative and quantitative modeling. 
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